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We show that the coherent axion field spontaneously decays by emitting axion particles via quan-
tum tunneling if axion potential has more than one minimum. By employing the ~-expansion and
mean field approximation, we develop a formalism to trace the real-time dynamics of the axion
particle production including its backreaction to the coherent axion field. We also present nu-
merical results for the time evolution of various physical quantities including the strength of the
coherent axion field, phase-space density of produced axion particles, energy density, and pressure.
Phenomenological implications of our results are also discussed.
I. INTRODUCTION
The Peccei-Quinn mechanism is one of the most com-
pelling resolutions to the strong CP problem [1, 2]. The
idea is that the θ-angle of quantum chromodynamics
(QCD) is promoted to be a dynamical field θ → φˆ by
introducing an axial U(1) symmetry (Peccei-Quinn sym-
metry). Low energy dynamics of the field φˆ is determined
by the topological structure of the QCD vacuum, because
of which an effective potential for the field has a stable
minimum at 〈φˆ〉 = 0 [3]. Therefore, the vacuum expecta-
tion value of the field 〈φˆ〉 dynamically evolves toward the
minimum 〈φˆ〉 = 0 no matter what the initial expectation
value is, and the strong CP problem is resolved.
The Peccei-Quinn mechanism predicts the existence
of a new particle, called “axion,” as quantum of the
newly introduced field φˆ [4, 5] (for reviews, see Refs. [6–
10]). Axion particles1 may be produced, for example,
in stars (e.g. the sun) via perturbative processes such
as Primakoff effect (γ + γ → axion) [11–14], Compton
scattering (γ + e → e + axion) [12–14], bremsstrahlung
(e+Z → e+Z+ axion) [12, 15], and axio-recombination
(e + Z → Z− + axion) [16]. Many other possible pro-
duction mechanisms are also proposed in the literatures,
which include, to name a few, thermal production in
the early Universe [17–20], cosmic-ray induced emission
from axion condensate [21], and parametric resonance
∗ huangxuguang@fudan.edu.cn
† dmitri.kharzeev@stonybrook.edu
‡ h_taya@fudan.edu.cn
1 We distinguish “coherent axion field” and “axion particles.” The
former is a classical field which is defined as a vacuum expecta-
tion value of the axion field operator 〈φˆ〉, while the latter is
incoherent quantum fluctuations on top of the classical field,
ϕˆ ≡ φˆ − 〈φˆ〉. Note that we do not distinguish “coherent ax-
ion field” and “axion condensate” because in this paper both are
defined as the vacuum expectation value 〈φˆ〉.
[22–26]. Unfortunately, in spite of the great experimen-
tal/observational efforts over the past four decades, ax-
ion particles have not been detected yet (see [27–30] for
experimental reviews). Nevertheless, the past experi-
ments/observations constrained axion parameters such
as the mass m and the decay constant fa, and the cou-
pling constants to standard model particles (e.g. photon,
electron, nucleon) which are very small.
In the present paper, we propose a novel axion par-
ticle production mechanism by the spontaneous decay
of coherent axion field induced by quantum tunneling.
Namely, we consider a situation in which coherent ax-
ion field is excited 〈φˆ〉 6= 0 at some instant. Such a
coherent excitation may be seeded by, for example, the
misalignment mechanism [31–33], QCD sphalerons (e.g.
the cosmological QCD phase transition, heavy-ion col-
lisions), and classical electromagnetic fields with non-
vanishing E · B (e.g. solar flares). As the QCD vac-
uum has 2pi-periodicity in terms of the θ-angle, the ax-
ion potential would have infinitely degenerate minima in
terms of the field φˆ. This implies that if one consid-
ers quantum fluctuations on top of the coherent field,
ϕˆ ≡ φˆ − 〈φˆ〉, the coherent field initially peaked at some
value 〈φˆ〉 6= 0 would be delocalized because of quan-
tum tunneling between different minima and the quan-
tum fluctuation 〈|ϕˆ|2〉 grows. This is equivalent to saying
that the coherent axion field is unstable against quantum
fluctuations because of quantum tunneling, and it decays
spontaneously by emitting axion particles. Notice that
the existence of many minima is important here. For a
single-minimum potential, quantum fluctuations cannot
grow and the coherent axion field is stable because that
quantum tunneling does not take place. The physical
mechanism is essentially the same as the particle pro-
duction mechanism in the presence of classical field such
as Hawking radiation [34, 35], Schwinger mechanism [36–
38], and Landau-Zener transition [39–42], in which clas-
sical field becomes unstable and decays spontaneously by
emitting particles because of quantum tunneling.
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2We shall discuss the aforementioned axion production
mechanism based on quantum field theory (QFT). Field
theoretical study of real-time dynamics of particle pro-
duction in the presence of classical field has been devel-
oped significantly over the past decades. In particular, in
the context of the Schwinger mechanism, not only the dy-
namical evolution of the production number, but also the
backreaction by the produced particles was elegantly for-
mulated based on QFT within mean field approximation
by using a proper ultraviolet (UV) regularization scheme
[43–47]. Inclusion of backreaction is essential for the en-
ergy conservation of the system and for describing the
decay dynamics of coherent axion field. The mean field
approximation neglects scattering between produced par-
ticles (which is responsible for mode-couplings). There-
fore, the use of the mean field approximation is justified
when coupling constants are sufficiently small [48], which
is actually the case for axion. More precisely, the product
between the phase-space density f and the coupling con-
stant g determines whether the scattering effects beyond
the mean field approximation are important. This is in-
tuitively because scattering takes place more frequently
if there are more particles. For the axion self-coupling
constant g ∼ χ/f4a . 10−40, where χ ∼ Λ4QCD is the
topological susceptibility of QCD, huge phase-space den-
sity f  1/g ∼ 1040 is required for the scattering effects
to be important. For such huge phase-space density, the
axion dynamics would be analyzed classically within, for
example, the lattice simulation technique [49]. In the
present study, however, we shall explicitly show that the
phase-space density of produced axions via the present
axion production mechanism is far from dense f / 1/g,
and therefore our mean field treatment is justified.
The present paper is organized as follows: In Sec. II,
we formulate the axion production mechanism based on
QFT within the ~-expansion and mean field approxima-
tion. In Sec. III, we present numerical results based on
our formulation and discuss the real-time dynamics of
the axion particle production mechanism quantitatively.
Section IV is devoted to summary and discussion.
Throughout this paper, we use the mostly minus met-
ric gµν = diag(+1,−1,−1,−1), and work in the Heisen-
berg picture. We adopt the natural units, and ~ is not
written explicitly in the following as long as it is not con-
fusing.
II. FORMALISM
In this section, we explain the theoretical basis of this
study. In Sec. II A, in order to describe the axion parti-
cle production mechanism from coherent axion field, we
employ the ~-expansion and mean field approximation
to derive the equations of motion for the coherent axion
field and dynamical axion field on top of the coherent
field. In Sec. II B, we explain how to formulate axion par-
ticle production with the derived equations of motion. In
this study, we adopt the adiabatic particle picture, and
canonically quantize the dynamical axion field at each
instant of time. We, then, directly evaluate the vacuum
expectation value of the axion number operator, and see
that it becomes nonzero if axion potential has more than
one minimum. In Sec. II C, we discuss the energy balance
of the system to check the consistency of our formulation
and to see the importance of the backreaction for the en-
ergy conservation and describing the decay dynamics of
the coherent axion field.
A. Equations of motion
We consider an axion Lagrangian given by
L = 1
2
(∂µφˆ)(∂
µφˆ)− V [φˆ], (1)
where φˆ is the axion field and V is the axion potential.
In this paper, we assume for simplicity that the system
is not expanding and is homogeneous in space.
Since we are interested in axion particle production
from coherent axion field, it is convenient to separate
the total axion field φˆ into dynamical axion field ϕˆ and
coherent axion field φ¯ as
φˆ = φ¯+ ϕˆ. (2)
Here, the coherent field φ¯ is defined as a classical ex-
pectation value of the total field operator φˆ for a given
in-state |in〉 as
φ¯ ≡ 〈in|φˆ|in〉 . (3)
The coherent axion field is a classical quantity and we
assume that it is of order φ¯ = O(1). On the other hand,
the dynamical axion field is a quantum fluctuation, so we
assume ϕˆ = O(~1/2). With this power counting rule, one
may expand the Lagrangian (1) in terms of ~ (or ϕˆ) as
L = 1
2
(∂µφ¯)(∂
µφ¯)− V [φ¯]
+ (∂µφ¯)(∂
µϕˆ)− V ′[φ¯]ϕˆ
+
1
2
(∂µϕˆ)(∂
µϕˆ)− 1
2
V ′′[φ¯]ϕˆ2
+O(~3/2). (4)
From Eq. (4), one can derive the equation of motion
up to O(~3/2) as
0 = ∂µ∂
µφ¯+ V ′[φ¯]
+
[
∂µ∂
µ + V ′′[φ¯]
]
ϕˆ
+
1
2
V ′′′[φ¯]ϕˆ2
+O(~3/2). (5)
3In the following, we ignore the O(~3/2) term2. By tak-
ing the in-in expectation value of Eq. (5) (mean field
approximation), one obtains equations of motion for the
coherent field φ¯ and the dynamical field ϕˆ as
0 = ∂µ∂
µφ¯+ V ′[φ¯] +
1
2
V ′′′[φ¯] 〈in| : ϕˆ2 : |in〉 , (6a)
0 =
[
∂µ∂
µ + V ′′[φ¯]
]
ϕˆ. (6b)
In computing the third term, one has to be careful
about how to regularize the UV-divergence in the two-
point function 〈in|ϕˆ2|in〉 → 〈in| : ϕˆ2 : |in〉. Note that
we will give a precise definition of the regularization
〈: •ˆ :〉 later in Sec. II C 1 (see Eq. (25)) based on the
adiabatic regularization scheme [50], which can be un-
derstood as an analog of the Pauli-Villars regularization
scheme in usual QFT in equilibrium. For the moment,
we just use 〈: •ˆ :〉 to mean a regularized value of 〈•ˆ〉.
We also note that ϕˆ2 − 〈in| : ϕ2 : |in〉 is higher order
in the ~-expansion compared to ϕˆ2 and 〈in| : ϕ2 : |in〉.
This is because the expectation value of the differ-
ence 〈in| : ϕˆ2 − 〈in| : ϕ2 : |in〉 : |in〉 is vanishing, and it
can give nonvanishing contribution after, at least, it is
squared 〈in| : (ϕˆ2 − 〈in| : ϕ2 : |in〉)2 : |in〉 6= 0, which is
higher in ~. Therefore, as long as the ~-expansion is jus-
tified, one can safely neglect the term ϕˆ2−〈in| : ϕ2 : |in〉
in Eq. (6b).
An important point in Eqs. (6a) and (6b) is that the
dynamical axion field and the coherent field are coupled
with each other when the axion potential V is higher
than quadratic in φˆ, i.e., the axion potential V has more
than one minimum. This point is essential for the axion
particle production as we shall discuss in the next section
II B.
The third term in Eq. (6a) represents backreaction of
axion particle production to the coherent field. This term
is higher in the ~-expansion than the other terms, how-
ever, one should not dismiss this term because it is cru-
cially important for the energy conservation of the sys-
tem. Indeed, we shall explicitly see later that without
this term axion particles are endlessly created so that
the energy eventually diverges (see Sec. III B).
Before passing, it is instructive to discuss more about
the validity of the ~-expansion in terms of the size of the
phase-space density f and the axion self-coupling con-
stant g ≡ m2/f2a ∼ χ/f4a , where m is the axion mass
and fa is the axion decay constant. As will be shown
later (see Eq. (48)), the two-point function 〈in| : ϕˆ2 : |in〉
2 For a single-minimum potential with higher order nonlinear
terms, higher order ~-corrections become important. For exam-
ple, if we consider a quartic potential V ∝ φ4, the ~2-correction
effectively gives a mass term ∼ 〈ϕˆ2〉 ϕˆ2 for the Lagrangian of
the dynamical field. This term gives a strong negative feed-
back to the dynamical field to grow, i.e., axion particle produc-
tion is strongly suppressed. Physically, this is because a single-
minimum potential does not permit quantum tunneling and the
dynamical field cannot go far away from the minimum.
and the total number of produced axions N are related
with each other as 〈in| : ϕˆ2 : |in〉 ∼ N/(mV ). Then,
by assuming that the typical momentum scale of pro-
duced axions is given by the axion mass scale m as∫
d3p ∼ (4pi/3)m3 ∼ m3 (which is actually consistent
with our numerical simulations; see Figs. 4 and 9), one
may estimate the magnitude of ϕˆ in terms of the phase-
space density f ≡ (2pi)3d6N/dx3dp3 ∼ 102 × N/(m3V )
as
O(ϕˆ) = O(
√
〈in| : ϕˆ2 : |in〉) = O(fa ×
√
10−2 × gf).
(7)
By noting that ϕˆn is always accompanied by V (n) ∼
gf−na in the ~-expansion in Eq. (4), one may understand
that the ~-expansion is equivalent to an expansion in
terms of gf . Therefore, the ~-expansion (4) is justified
as long as the condition,
gf . 100, (8)
is satisfied. In other words, the ~-expansion becomes in-
valid if the phase-space density becomes extremely huge
as f  100/g & 1042. We shall show explicitly that this
is not the case for our axion production mechanism (see
Figs. 8 and 9).
B. Axion particle production
We shall solve the coupled equations (6a) and (6b) as
an initial value problem to trace the dynamical evolution
of φ¯ and ϕˆ. In this subsection, we first explain how to
obtain information of (or define) axion particles from the
field operator ϕˆ on the basis of the adiabatic particle pic-
ture [50]. We, then, show that dynamical axion particles
are spontaneously produced from the coherent axion field
φ¯ 6= 0 if the axion potential has more than one minimum.
1. Adiabatic particle picture
In order to explain the adiabatic particle picture, let us
first recall how to define “particle” in a system in equi-
librium with the standard canonical quantization proce-
dure. First, we expand the dynamical field operator ϕˆ in
terms of a mode function ϕ
(eq)
p as
ϕˆ(x) =
∫
d3p
[
ϕ(eq)p (t)aˆ
(eq)
p + ϕ
(eq)∗
−p (t)aˆ
(eq)†
−p
] eip·x
(2pi)3/2
,
(9)
where we normalized the mode function ϕ
(eq)
p as
1 = +iϕ(eq)∗p
↔
∂ tϕ
(eq)
p , (10)
where
↔
∂ ≡
→
∂ −
←
∂ . In general, the choice of ϕ
(eq)
p is
not unique. That is, one can choose arbitrary ϕ
(eq)
p as
4long as it satisfies the equation of motion. However, an
equilibrium system should be invariant with respect to
time translation. Therefore, it is natural to respect this
invariance, and so one can uniquely identify the mode
function ϕ
(eq)
p as an eigen-function of the invariance (i.e.,
the plane wave) as
ϕ(eq)p =
1√
2
√
m2 + p2
e−i
√
m2+p2t, (11)
where axion mass m is defined as the value of
√
V ′′ in
equilibrium and is a positive constant; otherwise the sys-
tem cannot be equilibrated. After the mode expansion,
we impose the canonical commutation relation onto ϕˆ,
which in turn quantizes aˆ
(eq)
p to define particles. Because
of the normalization condition (10), the annihilation op-
erator satisfies
δ3(p− p′) = [aˆ(eq)p , aˆ(eq)†p′ ]. (12)
Also, the annihilation operator aˆ
(eq)
p can be expressed in
terms of the mode function ϕ
(eq)
p as
aˆ(eq)p = +i
∫
d3x
e−ip·x
(2pi)3/2
ϕ(eq)∗p
↔
∂ tϕˆ. (13)
It is evident from this expression that a different mode
function defines a different annihilation operator. We
stress that, in equilibrium, one can uniquely define the
annihilation operator aˆ
(eq)
p because one can uniquely
identify the mode function ϕ
(eq)
p thanks to the time-
translational invariance. In nonequilibrium, however, the
time-translational invariance is explicitly broken so that
one has to adopt (or assume) another guiding principle
to identify a mode function to define an annihilation op-
erator.
In the adiabatic particle picture, we assume that a
given nonequilibrium system is sufficiently adiabatic3.
3 The “adiabaticity” is guaranteed if ~ times time derivatives of ωp
divided by appropriate powers of ωp (i.e., ~nω(n)p /ωn+1p (n ∈ N))
is small because a time derivative appears with ~ in the equation
of motion. This condition is necessary to justify the use of the
lowest order WKB solution (14) as the adiabatic mode function
ϕ
(ad)
p to define the adiabatic annihilation operator aˆ
(ad)
p . Higher
order WKB solutions could be significant if ~ is large or ω(n)p
becomes very large such that it compensates the smallness of ~.
If this is the case, it could be more appropriate to use a higher
order WKB solution as the adiabatic mode function; although
this is not the case in the present problem because we are al-
ways assuming the smallness of ~ throughout our formulation
and ω
(n)
p remains small as long as the typical energy scale of ax-
ion condensate is characterized by the QCD energy scale, which
is a reasonable assumption in axion phenomenology. A different
adiabatic mode function would not only affect the intermediate
particle number, but also would change the time evolution of
two-point functions because we adopt the adiabatic regulariza-
Then, it may be natural to assume that the “true” mode
function should not deviate significantly from that in
equilibrium (i.e., the plane wave ϕ
(eq)
p ). The (lowest or-
der) adiabatic particle picture adopts this assumption as
a guiding principle to define a mode function in nonequi-
librium. Namely, the adiabatic particle picture approx-
imates the “true” mode function by the lowest order
Wentzel-Kramers-Brillouin (WKB [53–55]) solution ϕ
(ad)
p
of the equation of motion (6b),
ϕ(ad)p ≡
1√
2ωp(t)
exp
[
−i
∫ t
dt′ ωp(t′)
]
, (14)
where
ωp(t) ≡
√
p2 + V ′′[φ¯(t)]. (15)
Here, we normalized the adiabatic mode function ϕ
(ad)
p in
the same way as ϕ
(eq)
p (Eq. (10)). Notice that ωp depends
on time t through the time dependence of φ¯ if V is higher
than quadratic. ϕ
(ad)
p is a natural generalization of ϕ
(eq)
p
as they coincide with each other when the system is in
equilibrium, in which ωp (or V
′′) is merely a constant. In
the adiabatic particle picture, we, then, expand the field
operator ϕˆ in terms of the adiabatic mode function ϕ
(ad)
p ,
and employ the canonical quantization procedure to ob-
tain an adiabatic annihilation operator aˆ
(ad)
p in the same
way as in the equilibrium case. aˆ
(ad)
p satisfies the same
commutation relation as aˆ
(eq)
p (Eq. (12)), and can be de-
duced from the field operator with ϕ
(ad)
p as Eq. (13). Nev-
ertheless, there is an important difference between aˆ
(eq)
p
and aˆ
(ad)
p . That is, aˆ
(ad)
p depends on time aˆ
(ad)
p = aˆ
(ad)
p (t)
because the adiabatic mode function ϕ
(ad)
p is not an exact
solution of the equation of motion (6b). This difference
results in spontaneous axion particle production as we
see below.
tion scheme to eliminate UV-divergence in two-point functions,
whose subtraction does depend on the choice of the adiabatic
mode function (see Sec. II C). The dependence of the truncation
order of the WKB expansion for the adiabatic mode function to
the intermediate particle number was previously discussed, for
example, in Refs. [51, 52]. In particular, Ref. [51] considered
an analytically solvable model of the Schwinger mechanism, and
proposed that there exists an optimal truncation order, around
which effects of the truncation order become less significant and
universal particle number close to the exact one can be obtained.
Therefore, it could be desirable for large ~ and/or ω(n)p to con-
sider the optimal truncation order for the adiabatic mode func-
tion. However, it is, in general, impossible to determine the
optimal order without knowing the exact solution. Also, it is
known that higher WKB solutions can lead to unphysical time
evolution of a system (cf. backreaction problem in the Schwinger
mechanism [47]). Furthermore, higher WKB solutions contain
negative powers of ωp. This leads to severe infrared divergences
for massless (or very light) particles, which is actually the case
for axion.
52. Axion particle production
We shall show that axion particles are spontaneously
produced from the coherent axion field if the axion poten-
tial has more than one minimum by explicitly computing
the in-vacuum expectation value of the number operator.
To this end, let us for simplicity assume that the sys-
tem is in equilibrium V ′′ = const. > 0 initially t ≤ tin.
Then, the in-vacuum state |vac; tin〉 can be defined as a
state such that it is annihilated by aˆ
(eq)
p as
0 = aˆ(eq)p |vac; tin〉 for any p. (16)
On the other hand, by using Eq. (13), one can show that
the time evolution of the adiabatic annihilation operator
aˆ
(ad)
p can be expressed in terms of a Bogoliubov transfor-
mation as
aˆ(ad)p (t) = αp(t)aˆ
(eq)
p + βp(t)aˆ
(eq)†
−p , (17)
where the Bogoliubov coefficients αp, βp are given by
αp ≡ iϕ(ad)∗p
↔
∂ tϕp =
i (ϕ˙p − iωpϕp)√
2ωp
e+i
∫ t ωpdt, (18a)
βp ≡ iϕ(ad)∗p
↔
∂ tϕ
∗
−p =
i
(
ϕ˙∗p − iωpϕ∗p
)√
2ωp
e+i
∫ t ωpdt. (18b)
Here, ϕp is the exact solution of the equation of motion
(6b) in the momentum space,
0 =
[
∂2t + ω
2
p(t)
]
ϕp, (19)
with initial conditions
ϕp(tin) = ϕ
(eq)
p (tin), (20a)
ϕ˙p(tin) = −iωpϕ(eq)p (tin). (20b)
Notice that βp = 0 holds only when ϕp = ϕ
(ad)
p . In other
words, βp 6= 0 must hold if the axion potential has more
than one minimum. Indeed, ϕp couples to the coherent
axion field because of the existence of many minima as
explained below Eqs. (6a) and (6b), and hence ϕp should
dynamically evolve to deviate from ϕ
(ad)
p because ϕ
(ad)
p
is no longer a solution of the equation of motion. Note
also that the Bogoliubov coefficients always satisfy
1 = |αp|2 − |βp|2, (21)
which is a consequence of the unitarity4.
4 A proof is the following: Let us define S-matrix as a matrix such
that aˆ
(ad)
p (t) ≡ S†aˆ(eq)p S, and assume S†S = const. ≡ c > 0.
Then, we obtain [aˆ
(ad)
p (t), aˆ
(ad)†
p (t)] = [S
†aˆ(eq)p S, S†aˆ
(eq)†
p S] =
c2 × δ3(p = 0). On the other hand, from Eq. (17), one finds
[aˆ
(ad)
p (t), aˆ
(ad)†
p (t)] =
(|αp(t)|2 − |βp(t)|2) × δ3(p = 0). There-
fore, |αp(t)|2 − |βp(t)|2 = c2, which says we have Eq. (21) only
if S is unitary 1 = S†S.
It is evident from Eq. (17) that the in-vacuum state
|vac; tin〉 is no longer annihilated by the annihilation op-
erator aˆ
(ad)
p for t > tin. Thus, the in-vacuum expectation
value of the number operator 〈vac; tin|aˆ(ad)†p aˆ(ad)p |vac; tin〉
is nonvanishing, which implies that axion particles are
spontaneously produced from the coherent axion field.
Indeed, one can explicitly compute the expectation value
as5
d3N
dp3
(t) = 〈vac; tin|aˆ(ad)†p (t)aˆ(ad)p (t)|vac; tin〉
=
V
(2pi)3
|βp(t)|2, (22)
where δ3(p = 0) = V/(2pi)3 was used.
C. Energy conservation
Finally, let us discuss the energy balance of the system
to check the consistency of our formulation and also the
axion particle production from the viewpoint of energy
conservation. To this end, we first explain how to regu-
larize the UV-divergence of two-point functions. In this
paper, we adopt the adiabatic regularization scheme [50],
which is compatible with the adiabatic particle picture.
Then, we compute the expectation value of the energy-
momentum tensor, and show how the total energy of the
system is conserved. We shall explicitly see that the en-
ergy of the coherent axion field is converted into axion
particles, and the backreaction term in Eq. (6a) is crucial
for the energy conservation.
1. Adiabatic regularization
The UV-divergence of in-in expectation values of two-
point functions originates from the uninterested vacuum
contribution and must be subtracted by a regularization
procedure. Usually, the vacuum is a stable state (i.e.,
does not decay spontaneously), so that the divergent vac-
uum contribution is constant in time. However, in the
presence of a time-depending external field, the vacuum
state is, in general, no longer stable and it decays sponta-
neously because of the particle production. This implies
that the vacuum contribution cannot be constant in time
(cf. the same problem appears in the real-time dynamics
of the Schwinger mechanism [43–47]). Indeed, from the
time dependence of the adiabatic annihilation operator
(17), one may define the vacuum at time t, which we
5 One can derive the same formula on the basis of the nonequilib-
rium Green function technique [56, 57] and the quantum kinetic
theory [58, 59] by assuming quasi-particle picture.
6write |vac; t〉, as a state such that6
0 = aˆ(ad)p (t) |vac; t〉 for any p. (23)
Using |vac; t〉, one may identify the vacuum contribution
at time t of some two-point function ϕˆΓϕˆ as
〈vac; t|ϕˆΓϕˆ|vac; t〉 =
∫
d3p
(2pi)3
(
ϕ(ad)p Γϕ
(ad)∗
p
)
, (24)
which obviously depends on time. Note that it is impos-
sible to express the vacuum contribution at time t (24) as
an expectation value in terms of the in-vacuum |vac; in〉,
which does not know the vacuum structure at time t.
In the adiabatic regularization scheme, we sub-
tract the vacuum contribution (24) from the bare in-
vacuum expectation value 〈vac; tin|ϕˆΓϕˆ|vac; tin〉, and
define the regularized in-vacuum expectation value
〈vac; tin| : ϕˆΓϕˆ : |vac; tin〉 as
〈vac; tin| : ϕˆΓϕˆ : |vac; tin〉
≡ 〈vac; tin|ϕˆΓϕˆ|vac; tin〉 − 〈vac; t|ϕˆΓϕˆ|vac; t〉
=
∫
d3p
(2pi)3
[(
ϕpΓϕ
∗
p
)− (ϕ(ad)p Γϕ(ad)∗p )] . (25)
We remark that it is inevitable in the adiabatic regular-
ization scheme to evaluate an expectation value in terms
of the adiabatic vacuum state |vac; t〉 in order to compute
an in-in expectation value in a well-defined/consistent
manner.
Let us see explicitly how Eq. (25) eliminates the UV-
divergence. For this purpose, let us consider Γ = 1, i.e.,
ϕˆΓϕˆ = ϕˆ2 as an example. We first identify the divergent
structure of the bare value 〈vac; tin|ϕˆ2|vac; tin〉 by solving
the equation of motion (19) perturbatively in terms of
1/ωp. To do this, it is convenient to make a WKB-type
ansatz for ϕp as
ϕp(t) =
1√
2Ωp(t)
exp
[
−i
∫ t
Ωp(t
′)dt′
]
. (26)
Then, we substitute this expression into the equation of
motion (19) to find
0 = ω2p − Ω2p +
3
4
(
Ω˙p
Ωp
)2
− 1
2
Ω¨p
Ωp
. (27)
6 Note that |vac; t〉 is a Heisenberg state, so that it is time in-
dependent, i.e., |vac; t〉 (t1) = |vac; t〉 (t2) for any t1, t2. Nev-
ertheless, as |vac; t〉 is defined as an eigen-state of the time-
depending adiabatic number operator aˆ
(ad)
p (t) (see Eq. (23)),
|vac; t1〉 6= |vac; t2〉 holds if aˆ(ad)p (t1) 6= aˆ(ad)p (t2). In this
sense, one could say |vac; t〉 looks time-dependent although it
is a Heisenberg state.
This equation can be solved perturbatively in terms of
1/ωp
7 as
Ωp = ωp +
3ω˙2p − 2ωpω¨p
8ω3p
+O(ω−5p )
= ωp − 1
8
V ′′′′ ˙¯φ2 + V ′′′ ¨¯φ
ω3p
+O(ω−4p ). (28)
Notice that the first term coincides with the lowest order
WKB solution, which is nothing but the adiabatic mode
function ϕ
(ad)
p by definition. From Eq. (28), one can iden-
tify the divergent structure of the bare expectation value
〈vac; tin|ϕˆ2|vac; tin〉 as
〈vac; tin|ϕˆ2|vac; tin〉
=
∫
d3p
(2pi)3
1
2Ωp
=
∫
d3p
(2pi)3
[
1
2ωp
+
V ′′′′ ˙¯φ2 + V ′′′ ¨¯φ
16ω5p
+O(ω−6p )
]
. (29)
It is evident that only the first term in the brackets is
divergent. In other words, only the contribution from
the lowest order WKB solution is UV-divergent, and is
always identical to the vacuum contribution8
〈vac; t|ϕˆ2|vac; t〉 =
∫
d3p
(2pi)3
|ϕp|2
=
∫
d3p
(2pi)3
1
2ωp
. (30)
Therefore, we have
〈in| : ϕˆ2 : |in〉 =
∫
d3p
(2pi)3
O(ω−5p ) = (finite). (31)
Thus, the regularized expectation value 〈in| : ϕˆ2 : |in〉 de-
fined by the adiabatic regularization scheme (25) is al-
ways finite and well-defined. Note that 〈in| : ϕˆ2 : |in〉 is
free from logarithmic divergences. This is because we
dropped higher order terms in ~ because of the weak-
ness of the axion coupling constant (see Sec. II A), i.e.,
interactions among dynamical axions are neglected (i.e.,
no loop corrections to mass and/or coupling constants).
If one includes higher order terms in ~, which are re-
sponsible for interactions, a logarithmic divergence would
7 Note that our expansion parameter is the frequency 1/ωp. Thus,
the expansion is, precisely speaking, different from the WKB ex-
pansion or the adiabatic expansion, whose expansion parameter
is ~ and/or ω(n)p .
8 In general curved spacetime, there can appear additional diver-
gent contributions which cannot be captured by the lowest order
WKB solution. For this case, one has to consider higher order
WKB solutions as the adiabatic mode function to define the vac-
uum state [50].
7appear (cf. V = λφ4 case was discussed in Ref. [60]),
which can be eliminated by a renormalization procedure
[43–46, 60]. Also, remark that the adiabatic regulariza-
tion scheme does not violate the energy conservation law
as we will explicitly check below. The subtraction in
nonequilibrium QFT should be time-dependent, so that
it is nontrivial whether the subtraction is consistent with
conservation laws. This is not a specific issue in the adi-
abatic regularization scheme, but is equally nontrivial in
other regularization schemes. Hence, it is important to
check conservation laws explicitly so as to ensure that the
regularization scheme is not unphysical.
2. Energy and pressure
Now, we evaluate the expectation value of the energy-
momentum tensor Tµν within the adiabatic regulariza-
tion scheme. The (symmetric) energy-momentum tensor
Tµν is defined as
Tˆµν ≡ 2√−g
∂(
√−gL)
∂gµν
= (∂µφˆ)(∂ν φˆ)− gµν
[
1
2
(∂λφˆ)(∂
λφˆ)− V [φˆ]
]
= (∂µφ¯)(∂ν φ¯)− gµν
[
1
2
(∂λφ¯)(∂
λφ¯)− V [φ¯]
]
+ 2(∂µφ¯)(∂νϕˆ)− gµν
[
(∂λφ¯)(∂
λϕˆ)− V ′[φ¯]ϕˆ]
+ (∂µϕˆ)(∂νϕˆ)− gµν
[
1
2
(∂λϕˆ)(∂
λϕˆ)− 1
2
V ′′[φ¯]ϕˆ2
]
,
(32)
where higher order quantum corrections O(~3/2) are ne-
glected in the last equality so as to be consistent with
Eq. (5).
The energy density operator Eˆ and the pressure oper-
ator Pˆ are defined as the diagonal components of Tˆµν .
Their expectation value can be evaluated within the adi-
abatic regularization scheme as
〈vac; tin| : Eˆ : |vac; tin〉
≡ 〈vac; tin| : Tˆtt : |vac; tin〉
=
∣∣∂tφ¯∣∣2
2
+ V [φ¯]︸ ︷︷ ︸
≡〈vac; tin|:Eˆφ¯:|vac; tin〉
+
∫
d3p
(2pi)3
[
|∂tϕp|2 + ω2p |ϕp|2
2
− ωp
2
]
︸ ︷︷ ︸
≡〈vac; tin|:Eˆϕ:|vac; tin〉
, (33)
and
〈vac; tin| : Pˆ : |vac; tin〉
≡ 〈vac; tin| : Tˆxx + Tˆyy + Tˆzz
3
: |vac; tin〉
=
∣∣∂tφ¯∣∣2
2
− V [φ¯]︸ ︷︷ ︸
≡〈vac; tin|:Pˆφ¯:|vac; tin〉
+
∫
d3p
(2pi)3
 |∂tϕp|2 −
(
p2
3 + V
′′[φ¯]
)
|ϕp|2
2
− 1
6
p2
ωp

︸ ︷︷ ︸
≡〈vac; tin|:Pˆϕ:|vac; tin〉
.
(34)
Note that ∂φ¯ = 0 and Pˆ = Tˆxx = Tˆyy = Tˆzz because we
assumed spatial homogeneity.
Let us check the finiteness of the expressions (33) and
(34). By using Eq. (28), one finds
〈vac; tin| : Eˆ : |vac; tin〉
=
∣∣∂tφ¯∣∣2
2
+ V [φ¯] +
∫
d3p
(2pi)3
[
Ωp
4
+
ω2p
4Ωp
+
Ω˙2p
16Ω3p
− ωp
2
]
=
∣∣∂tφ¯∣∣2
2
+ V [φ¯] +
∫
d3p
(2pi)3
O(ω−4p )
= (finite), (35)
and
〈vac; tin| : Pˆ : |vac; tin〉
=
∣∣∂tφ¯∣∣2
2
− V [φ¯]
+
∫
d3p
(2pi)3
[
Ωp
4
+
Ω˙2p
16Ω3p
−
p2
3 + V
′′[φ¯]
4Ωp
− p
2
6ωp
]
=
∣∣∂tφ¯∣∣2
2
− V [φ¯] +
∫
d3p
(2pi)3
O(ω−4p )
= (finite). (36)
Therefore, the energy density 〈vac; tin| : Eˆ : |vac; tin〉
and the pressure 〈vac; tin| : Pˆ : |vac; tin〉 are indeed fi-
nite. Note that there is no logarithmic divergence be-
cause there are no interactions among dynamical ax-
ions within our order of the ~-expansion as explained
in Sec. II C 1.
3. Energy conservation
Let us explicitly check the total energy conservation of
the system. The time derivative of the energy density of
axion particles can be evaluated as
∂t 〈vac; tin| : Eˆϕ : |vac; tin〉 = (∂tφ¯)V
′′′(φ¯)
2
〈in| : ϕˆ2 : |in〉 ,
(37)
8where the use is made of the equation of motion for ϕp
(19). On the other hand, the time derivative of the energy
density of the coherent axion field is given by
∂t 〈vac; tin| : Eˆφ¯ : |vac; tin〉
= (∂tφ¯)(∂
2
t φ¯+ V
′(φ¯))
= −(∂tφ¯)V
′′′(φ¯)
2
〈in| : ϕˆ2 : |in〉
= −∂t 〈vac; tin| : Eˆϕ : |vac; tin〉 . (38)
Here, we used the equation of motion (6a) to reach the
second line. Therefore, by combining Eqs. (37) and (38),
we find that the total energy is strictly conserved as 0 =
∂t 〈vac; tin| : Eˆ : |vac; tin〉.
It is now evident from Eq. (38) that if the energy of
axion particles increases because of the spontaneous ax-
ion particle production, the same amount of energy of
the coherent axion field must decrease. That is, the en-
ergy of the coherent axion field is the source of axion
particle production. Notice that the right-hand side of
Eq. (38) vanishes if one neglects the backreaction term
(which is higher in ~) in the equation of motion for the
coherent field (6a). In this case, axion particles are end-
lessly created and the energy eventually diverges because
the coherent axion field supplies energy to the axion par-
ticle production endlessly without any energy loss. This
is clearly unphysical. Therefore, it is important to main-
tain the higher order ~2-term in the equation of motion
(6a) when discussing quantum corrections to the coher-
ent field.
III. NUMERICAL RESULTS
We numerically solve the equations of motion (6a) and
(6b), and discuss quantitatively the real-time dynamics
of the axion particle production from coherent axion field.
A. Setup
In order to solve the equations of motion (6a) and (6b),
we need to specify the axion potential V and initial con-
ditions for φ¯ and ϕˆ.
For the potential V , we consider a periodic potential
with infinitely degenerated minima described by
V [φ] = χ
[
1− cos
(
φ
fa
− θ
)]
. (39)
Here, χ is the topological susceptibility of QCD, fa is
the axion decay constant, and θ is the intrinsic θ-angle.
Notice that one of the stable minima of the potential is
φ = θfa, at which
V |φ=θfa = V ′|φ=θfa = 0, V ′′|φ=θfa =
χ
f2a
≡ m20 (40)
holds.
As an initial condition for coherent axion field φ¯, we
impose
φ¯
∣∣
t=tin
= faθ, ∂tφ¯
∣∣
t=tin
= ξ. (41)
That is, we consider a situation such that the coherent
axion field φ¯ sitting at one of the minima is perturbed
suddenly at time tin. Such a perturbation may be seeded
by, for example, the misalignment mechanism [31–33]9.
QCD sphaleron transitions (e.g. the cosmological QCD
phase transition, heavy-ion collisions), and classical elec-
tromagnetic fields with nonvanishing E · B (e.g. solar
flares). The magnitude of ξ determines the initial (ki-
netic) energy of the coherent field. In this paper, for the
sake of simplicity, ξ is assumed to be a constant which
does not depend on x, i.e., the system is spatially ho-
mogeneous. We also assume ξ is smaller than the QCD
energy scale ξ . χ1/2 ∼ Λ2QCD because the axion po-
tential (39) is an effective potential, which is valid only
below the QCD energy scale.
The initial condition for dynamical axion field ϕˆ is al-
ready specified in Sec. II B 2. We impose that the field
operator ϕˆ is expressed in terms of the plane wave at
time t = tin as(
ϕˆ(tin,x)
˙ˆϕ(tin,x)
)
=
∫
d3p
[(
ϕ
(eq)
p (tin)
ϕ˙
(eq)
p (tin)
)
aˆ(eq)p
+
(
ϕ
(eq)∗
−p (tin)
ϕ˙
(eq)∗
−p (tin)
)
aˆ
(eq)†
−p
]
eip·x
(2pi)3/2
,
(42)
where
ϕ(eq)p =
1√
2
√
m20 + p
2
e−i
√
m20+p
2t. (43)
B. Without backreaction
In this subsection, we artificially neglect the backreac-
tion term in the equation of motion for the coherent axion
field (6a). Although this treatment is unphysical because
it violates the energy conservation law as explained in
Sec. II, it is instructive to understand some basic fea-
tures of the axion particle production mechanism. In
particular, we numerically show that axion particles are
endlessly created, no matter how weak the initial energy ξ
is. This implies that a coherent axion field configuration
φ¯ 6= 0 is unstable with respect to quantum fluctuations,
9 Precisely, the misalignment mechanism is initiated with finite
φ¯ − faθ 6= 0 and vanishing ˙¯φ = 0. For this case, the coherent
axion field initially has potential energy, instead of kinetic energy.
This difference is essential neither in our production mechanism
nor in the evolution of φ¯. The result is basically the same as long
as the initial total energy is the same.
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FIG. 1. Time evolution of the coherent axion field φ¯ for vari-
ous value of the initial energy ξ without backreaction.
and thus inclusion of quantum ~-corrections is inevitable
in understanding the real-time dynamics of axion. Also,
an analytical calculation based on the standard pertur-
bation theory is doable in the absence of the backreac-
tion term (see Appendix A). We compare the numerical
results with the analytical perturbative calculation and
see that the present axion particle production mechanism
is genuinely nonperturbative which cannot be described
within the perturbation theory because it is caused by
the nonperturbative quantum tunneling.
1. Coherent axion field
Figure 1 shows the time evolution of the coherent axion
field φ¯. The coherent field φ¯ oscillates in time with (al-
most) constant frequency and amplitude. This is simply
because we assumed that the initial kinetic energy of the
coherent field is smaller than the potential height ξ2 . χ.
Therefore, it is classically forbidden for the coherent field
to climb up the potential hill to move to a next minimum,
so that it oscillates around the initial minimum just like
a harmonic oscillator. Mathematically, one may expand
Eq. (6a) in terms of (φ¯− φ¯|t=tin)/φ¯|t=tin . 1 to get
0 ∼ [∂2t +m20] (φ¯− φ¯|t=tin) . (44)
One immediately gets a solution to this equation as
φ¯ ∼ φ¯|t=tin +
ξ
m0
sin (m0t) . (45)
The constant amplitude implies that the coherent field φ¯
never loses energy and endlessly supplies energy to the
dynamical field ϕˆ because of the absence of backreaction.
Note that, in expanding systems, there appear additional
terms in Eq. (44), because of which φ¯ decays in time.
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FIG. 2. Time evolution of the variance of the axion field
〈vac; tin| : ϕˆ2 : |vac; tin〉 = 〈vac; tin| : (φˆ− φ¯)2 : |vac; tin〉 for
various values of initial energy ξ without backreaction.
2. Variance 〈vac; tin| : ϕˆ2 : |vac; tin〉
Figure 2 shows the time evolution of the vari-
ance of the axion field (or the magnitude of the
dynamical axion field) 〈vac; tin| : ϕˆ2 : |vac; tin〉 =
〈vac; tin| : (φˆ− φ¯)2 : |vac; tin〉. The variance
〈vac; tin| : ϕˆ2 : |vac; tin〉 diverges exponentially for
any values of ξ. That is, although the coherent axion
field φ¯ oscillates just around the initial minimum because
of the classical restriction, the quantum fluctuation ϕˆ
can go far away from the minimum because of quantum
tunneling. The fluctuation eventually extends to infinity
because the axion potential (39) has infinite number
of minima, which are distributed infinitely in the field
space. We stress that quantum tunneling plays an
essential role here. Indeed, the fluctuation cannot grow
if there exists only one minimum, which is in contrast to
the axion particle production via parametric resonance
due to oscillating coherent axion field [23–26].
This quantity 〈vac; tin| : ϕˆ2 : |vac; tin〉 is directly
related to the total number of produced axions
N/V =
∫
d3p|βp|2/(2pi)3. In other words, if
〈vac; tin| : ϕˆ2 : |vac; tin〉 increases because of quantum
tunneling, N/V should increase, i.e., axion particles are
produced. Indeed, by using
ϕp = αpϕ
(ad)
p + β
∗
pϕ
(ad)∗
p , (46)
one can re-express 〈vac; tin| : ϕˆ2 : |vac; tin〉 in terms of the
Bogoliubov coefficient βp as
〈vac; tin| : ϕˆ2 : |vac; tin〉
=
∫
d3p
(2pi)3
1
ωp
[
|βp|2 + Re
(
αpβpe
−2i ∫ ωpdt)] . (47)
Note that the second term has an oscillating factor in
time, whose frequency is ∼ m0. This is why the curves
in Fig. 2 look like a band. The first term is a classi-
cal contribution because |βp|2 equals to the phase-space
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reaction. The initial energy ξ is fixed as ξ/
√
χ = 0.5.
density (2pi)3d6N/dp3dx3 (22). The second term arises
because of a quantum interference between the positive
and negative frequency modes, and gives a quantum cor-
rection to the classical value. Usually, the second term
gives only a small contribution compared to the first
one after the momentum integration because the inte-
grand contains severely oscillating factor in momentum
∼ exp [−i ∫ ωpdt]. As we shall see soon, produced ax-
ions are typically soft |p| . m0 (see Fig. 4), for which
energy cost to produce becomes smaller. Thus, it is good
to approximate ωp in Eq. (47) as ωp ∼ m0. Then, after
neglecting the quantum correction, one obtains
〈vac; tin| : ϕˆ2 : |vac; tin〉 ∼ 1
m0
N
V
. (48)
3. Axion particle production
Figure 3 shows the time evolution of the total num-
ber of produced axion particles N/V =
∫
d3p|βp|2/(2pi)3.
N/V increases exponentially for any value of ξ. This
implies that the coherent axion field is unstable against
quantum fluctuations and it spontaneously decays by
producing axion particles no matter how small or large
the initial fluctuation ξ is.
The time evolution of the phase-space density
(2pi)3d6N/dp3dx3 of produced axion particles is shown
in Fig. 4. Low momentum |p| . m0 axion particles dom-
inate the production. This is a natural result because it
is energetically costful to create hard particles.
It is instructive to compare these results with a pertur-
bative calculation to clarify the nonperturbative nature
of our production mechanism: if the initial energy is suffi-
ciently small compared to the QCD energy scale ξ . √χ,
the coherent axion field does not deviate significantly
from the initial minimum δφ¯ ≡ (φ¯ − φ¯t=tin)/φ¯t=tin . 1
(see Fig. 1). Then, one may naively expect that the axion
particle production rate can be evaluated perturbatively
in terms of δφ¯ (or equivalently ξ). As the coherent field
φ¯ decouples from the dynamical field ϕˆ in the absence of
the backreaction term, one can carry out the perturba-
tive calculation analytically as (see Appendix A for the
detail)
d7N (pert)
dp3dx3dt
=
m40
(64pi)2
(
ξ√
χ
)4
δ(|p|)
p2
+O
((
ξ√
χ
)6)
,
(49)
and
1
V
dN (pert)
dt
=
m40
2048pi
(
ξ√
χ
)4
+O
((
ξ√
χ
)6)
. (50)
An important point here is that the perturbative pro-
duction number N (pert) is proportional to t. Apparently,
this is inconsistent with the exponential growth observed
in Figs. 3 and 4, and the perturbation theory agrees with
our results only at very early times. This disagreement
is a natural result because our production mechanism is
a consequence of quantum tunneling (as we discussed in
Sec. III B 2), in which the existence of many minima is
important. By the perturbative expansion in terms of δφ¯,
only the local structure of the axion potential around one
minimum is taken into account, and the global informa-
tion of the axion potential (i.e., the existence of many
minima) is lost.
4. Energy and pressure
Figure 5 shows the time evolution of the total en-
ergy density 〈vac; tin| : Eˆ : |vac; tin〉 and total pressure
〈vac; tin| : Pˆ : |vac; tin〉. As expected, the energy and the
pressure diverge because of the divergent contribution
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FIG. 5. Time evolution of the total energy den-
sity 〈vac; tin| : Eˆ : |vac; tin〉 (top) and the total pressure
〈vac; tin| : Pˆ : |vac; tin〉 (bottom) for various values of initial
energy ξ without backreaction.
from axion particles ϕˆ. Therefore, one cannot dismiss
the backreaction term to describe real-time dynamics of
axion.
The energy density is dominated by the mass energy
of produced axion particles because they are soft (see
Fig. 4). To see this analytically and to find out relation-
ship to other observables such as N and the variance, let
us rewrite 〈vac; tin| : Eˆϕ : |vac; tin〉 in terms of the Bogoli-
ubov coefficient. By using Eq. (33), one obtains
〈vac; tin| : Eˆϕ : |vac; tin〉 =
∫
d3p
(2pi)3
ωp|βp|2. (51)
Then, by approximating ωp ∼ m0, we find
〈vac; tin| : Eˆϕ : |vac; tin〉 ∼ m0 × N
V
∼ m20 〈in| : ϕˆ2 : |in〉 . (52)
On the other hand, quantum corrections domi-
nate the pressure. To show this, let us rewrite
〈vac; tin| : Pˆϕ : |vac; tin〉 (see Eq. (34)) in terms of the
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FIG. 6. Time evolution of the coherent axion field φ¯ for vari-
ous value of the initial energy ξ with backreaction.
Bogoliubov coefficient as
〈vac; tin| : Pˆϕ : |vac; tin〉
=
∫
d3p
(2pi)3
[
|βp|2p
2/3
ωp
+
p2/3− ω2p
ωp
Re
[
αpβpe
−2i ∫ ωpdt]] .
(53)
As we know that produced axion particles are soft (see
Fig. 4), it is good to approximate ωp ∼ m0. Then, only
the second term in Eq. (53), which is nothing but quan-
tum corrections, survives as
〈in| : Pˆϕ : |in〉 ∼ −
∫
d3p
(2pi)3
Re
[
αpβpe
−2i ∫ ωpdt] . (54)
Equation (54) oscillates in time, which is the reason why
we see an oscillating behavior in Fig. 5.
C. With backreaction
Let us recover the backreaction term, and study the
role of the energy conservation. Below, we explicitly see
that because of the energy conservation, (i) dynamics of
the coherent field φ¯ is no longer independent of the dy-
namical field ϕˆ; (ii) the variance cannot extend to infin-
ity, i.e., 〈vac; tin| : ϕˆ2 : |vac; tin〉 < ∞; (iii) the number
of produced axion particles stays finite; and (iv) not only
the axion particle production process, but also an axion
particle pair annihilation process takes place.
1. Coherent axion field
Figure 6 shows the time evolution of the coherent field
φ¯. Since the energy of the coherent field is consumed
in the axion particle production, the amplitude of φ¯ de-
creases from the initial value. However, the amplitude
never goes to zero even at late times. In other words,
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the coherent field never falls into a minimum of the po-
tential (i.e., no equilibration), but it oscillates around a
minimum forever if the system is non-expanding.
This is because axion particle pair annihilation occurs.
Indeed, because of the backreaction term, not only the
axion particle production process, but also its inverse
process, i.e., pair annihilation process (2ϕˆ → φ¯) can oc-
cur. Due to the pair annihilation process, the time evo-
lution of the coherent field is modified as follows: For the
first moments, the coherent field loses its energy (i.e., am-
plitude decreases) and the phase-space density of axion
particles increases because of the axion particle produc-
tion process. As the phase-space density increases, pro-
duced axion particles begin to overlap with each other
and the pair annihilation process becomes more efficient
than the production process. Once the pair annihilation
process dominates, the phase-space density decreases and
the coherent field would obtain energy from axion par-
ticles (i.e., amplitude increases) because of the energy
conservation; see Eq. (38). After some time, the phase-
space density becomes dilute and the pair annihilation
process should be suppressed. Then, the production pro-
cess would again be more efficient. In this way, the dom-
inant process changes as time goes, and hence the coher-
ent field never gets equilibrated. Notice that we can see
small oscillations in the amplitude at late times in Fig. 6.
This is a manifestation of the above mechanism. Also,
in Sec. III C 3, we shall discuss the time evolution of the
phase-space density. There, we can explicitly see that the
annihilation process and the production process, indeed,
alternatively take place. Note that the same oscillation
mechanism was already discussed in the real-time dynam-
ics of the Schwinger mechanism [45–47], in which classical
electric field shows an oscillating behavior (plasma oscil-
lation). Note also that in order for the coherent field to
completely fall into a minimum, the energy of the total
axion field φˆ must be dissipated by, for example, coupling
to other particles and attaching to heat bath.
The frequency of the oscillation deviates slightly from
m0 because of the backreaction term. Indeed, by assum-
ing that 〈vac; tin| : ϕˆ2 : |vac; tin〉 is sufficiently adiabatic,
one can expand the equation of motion (6a) in terms of
(φ¯− φ¯|t=tin)/φ¯|t=tin . 1 as
0 ∼
∂2t +
(
m0
√
1− 〈vac; tin| : ϕˆ
2 : |vac; tin〉
2f2a
)2
× (φ¯− φ¯|t=tin) . (55)
Thus, the frequency is given, roughly, by m0 ×√
1− 〈vac; tin| : ϕˆ2 : |vac; tin〉 /2f2a < m0. Intuitively,
produced axion particles act as friction to the coherent
field, which lowers the frequency of the oscillation.
2. Variance 〈vac; tin|ϕˆ2|vac; tin〉
Figure 7 shows the time evolution of the variance
〈vac; tin| : ϕˆ2 : |vac; tin〉. For the first moments, where
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FIG. 7. Time evolution of the variance of the axion field
〈vac; tin| : ϕˆ2 : |vac; tin〉 = 〈vac; tin| : (φˆ− φ¯)2 : |vac; tin〉 for
various values of initial energy ξ with backreaction.
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FIG. 8. Time evolution of the number density N/V of axion
particles for various values of initial energy ξ with backreac-
tion.
the number of produced axion particles is small and the
backreaction effect can be neglected, the variance grows
exponentially as we found in Fig. 2. However, after suffi-
cient number of axion particles is produced, the backre-
action effect becomes important and the variance stops
growing. Thus, as expected, the variance never diverges,
i.e., the quantum fluctuation ϕˆ cannot go far away from
the initial minimum because of the energy conservation.
Note that the variance shows oscillating behaviors at
late times because of the pair annihilation process as ex-
plained in Sec. III C 1.
3. Axion particle production
Figure 8 shows the total number N/V =∫
d3p|βp|2/(2pi)3 of produced axion particles. It is
evident that the total number stays finite because of the
energy conservation. The time dependence is basically
the same as the variance 〈vac; tin| : ϕˆ2 : |vac; tin〉 (see
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Fig. 7) because they are closely related with each other
as shown by Eq. (48). The only difference is that we
cannot see the “band structure” in this figure because
the variance receives quantum corrections (the second
term in Eq. (47)), which oscillate severely in time.
Figure 9 shows the time evolution of the phase-space
density (2pi)3d6N/dp3dx3 of produced axion particles.
The phase-space density is significantly modified by the
backreaction (see Fig. 4). In particular, the pair annihi-
lation process plays an important role: The phase-space
density is softened by pair annihilation of hard axion par-
ticles. Also, we can see a striped pattern in the figure,
which is because the annihilation process and the pro-
duction process alternatively take place as explained in
Sec. III C 1.
With our parameter choice ξ/
√
χ = O(0.1), i.e., the
initial energy of the coherent axion field is at most the
QCD energy scale, the axion particle production is com-
pleted, roughly, within tprod ∼ O(1000) × m−10 . The
current axion mass bound is 10−5 eV . m0 . 10−2 eV,
so that the time-scale can be estimated as 105 eV−1 .
tprod . 108 eV−1 (or 10−10 sec . tprod . 10−7 sec).
4. Energy and pressure
Figure 10 shows the time evolution of the en-
ergy density 〈vac tin| : Eˆ : |vac tin〉 and the pressure
〈vac tin| : Pˆ : |vac tin〉. The energy density is strictly con-
served because of the backreaction. With our parameter
choice ξ/
√
χ = O(0.1), about one-half of the initial en-
ergy of the coherent axion field is eventually converted to
axion particles. On the other hand, the coherent field φ¯
dominates the total pressure. The produced axion par-
ticles ϕˆ only give a relatively small contribution because
axion particles are soft.
IV. SUMMARY AND DISCUSSION
We discussed the axion particle production from coher-
ent axion field. We found that the coherent axion field
is unstable against quantum fluctuations and it spon-
taneously decays by emitting axion particles when the
axion potential has more than one minimum, for which
quantum tunneling between different minima takes place.
In order to study the above axion particle production
mechanism, we developed a formalism which describes
the real-time dynamics of the axion particle production.
Namely, we derived equations of motion for coherent ax-
ion field and dynamical axion field on top of the coherent
field by employing the ~-expansion and mean field ap-
proximation. The equations are coupled with each other
when axion potential is higher than quadratic, i.e., axion
potential has more than one minimum. Because of this
coupling, the dynamical axion field obtains energy from
the coherent field, which eventually results in the ax-
ion particle production. We included not only ~1-terms,
but also the next leading order ~2-term in the equations
of motion in order to take into account backreaction by
the axion particle production to the coherent axion field.
The backreaction is essential for the energy conservation
of the system and for describing the decaying dynamics
of the coherent field.
We solved the equations of motion numerically to trace
the real-time dynamics of the axion particle production
quantitatively. By adopting the adiabatic particle picture
and canonically quantizing the dynamical axion field at
each instant of time, we evaluated the phase-space den-
sity of the produced axion particles as a function of time.
We also computed the energy density and the pressure
of the system, and followed their time evolution. As a
result, we found, in particular, that (i) soft axion parti-
cles are produced from the coherent axion field, whose
number grows exponentially until the production stops
because of the energy conservation; (ii) the production
number is much more abundant than usual perturbative
axion production mechanisms, which are suppressed by
the large decay constant fa, and, roughly, one half of the
initial energy of the coherent axion field is eventually con-
verted into axion particles; (iii) not only axion particle
production, but also an axion particle pair annihilation
process occurs due to the backreaction, which leaves a
characteristic striped pattern in the phase-space density;
(iv) the coherent axion field loses its energy through the
axion particle production, but does not completely fall
into a minimum because of the pair annihilation process;
and (v) inclusion of the backreaction term is important,
without which the system evolves unphysically and var-
ious physical quantities including the energy density di-
verge. In addition, we also compared our results with
the perturbation theory. We found that our axion parti-
cle production mechanism is genuinely nonperturbative,
which cannot be described within the perturbation the-
ory even if the initial energy of the coherent field is very
small. This is because the quantum tunneling is the phys-
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ical origin of our production mechanism.
There are several interesting applications of the present
study. One example is an application to cosmology, in
particular, to axion dark matter scenario. In the stan-
dard axion dark matter scenario, the misalignment mech-
anism [31–33] is expected to produce coherent axion field
in the early Universe, whose energy density can be com-
parable to that of dark matter in the present Universe.
Since coherent fields have vanishing momentum, it would
be a good candidate for cold dark matter. According to
our results, coherent axion field (or axion condensate)
is unstable against quantum fluctuations and it decays
quickly by producing “warm” axion particles, whose mo-
mentum is not so large |p| . m0 but nonvanishing. In
addition, the momentum distribution has a characteristic
striped pattern due to the annihilation process. These
features should affect the small-scale structure of the
present Universe, which might be tested by future ex-
periments/observations. Note that we considered a non-
expanding system in this paper for simplicity. Inclusion
of expansion is important to make quantitative prediction
for cosmology because the production process should be
affected significantly by expansion (e.g. red-shift in mo-
mentum distribution).
Ultra-relativistic heavy-ion collisions are another ex-
ample. This is because heavy-ion collisions can produce
sizable number of QCD sphalerons. QCD sphalerons
would supply energy of the order of the QCD energy
scale ΛQCD to coherent axion field, which in turn de-
cays into axion particles through our production mech-
anism. As an example, let us consider Pb-Pb collisions
at the LHC. In each heavy-ion collision, a quark-gluon
plasma (QGP) with temperature T ∼ 200 MeV, vol-
ume V ∼ 104 fm3, and lifetime τ ∼ 10 fm is produced.
As the QCD sphaleron rate Γ is given by Γ ∼ 30α4sT 4
[61], we may estimate the number of sphalerons in a
QGP created in a heavy-ion collision as ΓV τ ∼ 104 for
αs ∼ 0.3. The rate of collisions is of the order 1 kHz,
and thus, roughly, 107 sphalerons would be produced per
second in heavy-ion collisions. On the other hand, we
found that about one-half of the energy of coherent ax-
ion field is eventually converted into axion particles (see
Fig. 10). Therefore, one QCD sphaleron may produce
0.5 × ΛQCD/m0 ∼ 10+12∼+15 very soft axions. Combin-
ing the sphaleron production number, we estimate that
N ∼ 10+19∼+22 axion particles may be produced in a sec-
ond in heavy-ion collisions. This is a very large number
compared to usual perturbative axion production pro-
cesses (e.g., solar axion flux on the Earth is the order of
109 cm2s−1 [62]), which is always suppressed strongly by
the large decay constant fa. Therefore, heavy-ion col-
lisions may be another good source of axion particles.
Note, however, that spatial homogeneity is assumed in
the present paper. Since a QCD sphaleron is strongly
localized in space with the QCD energy scale, it is very
important to consider spatial inhomogeneity to make a
more realistic estimation.
It is also interesting to study the emission of gravita-
tional waves induced by the present axion particle pro-
duction mechanism. Emission of gravitational waves by
production of axion particles via parametric resonance
was previously discussed in Refs. [24–26]. We expect a
similar gravitational wave emission occurs from our pro-
duction mechanism as well. If this is the case, it may
leave a characteristic signature in gravitational waves due
to the oscillating pattern in the momentum spectrum.
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This could serve as a novel way to detect (although indi-
rect) axion particles through observation of gravitational
waves. We leave these topics for a future work.
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Appendix A: Perturbative axion production without
backreaction
In this appendix, we analytically discuss the axion par-
ticle production from coherent axion field within the low-
est order perturbation theory by neglecting the backre-
action effect.
To this end, we consider a Lagrangian for dynamical
axion field ϕˆ given by
Lϕ = −1
2
ϕˆ
[
∂µ∂µ + V
′′[φ¯]
]
ϕˆ, (A1)
where O(~3/2) terms are neglected (see Eq. (6b)). Here,
the coherent field φ¯ obeys the equation of motion (6a)
without the backreaction term, i.e.,
0 = ∂µ∂
µφ¯+ V ′[φ¯]. (A2)
Now, let us assume that the coherent field φ¯ does not
deviate significantly from a minimum of the axion poten-
tial V , which we write φ¯0. Physically, this assumption
is equivalent to assume, as we shall see explicitly later,
that the initial energy of the coherent field is sufficiently
smaller than the height of the potential. We, then, per-
turbatively expand the Lagrangian (A1) in terms of
δφ¯ ≡ φ¯− φ¯0 (A3)
as
Lϕ = −1
2
ϕˆ
[
∂µ∂
µ +m2
]
ϕˆ− 1
2
∞∑
n=1
V (n+2)
n!
δφ¯nϕˆ2
≡ L0 +
∞∑
n=1
Ln ≡ L0 + Lint. (A4)
Here,
m2 ≡ ∂
2V
∂φ¯2
∣∣∣∣
φ¯=φ¯0
, V (n+2) ≡ ∂
n+2V
∂φ¯n+2
∣∣∣∣
φ¯=φ¯0
. (A5)
In the standard S-matrix formalism, the S-matrix is
defined as a time-ordered product of the interaction La-
grangian Lint as
S = T exp
[
−i
∫
d4xLint
]
. (A6)
Then, the in- and out-state annihilation operators are
related with each other by the S-matrix as
aˆ(out)p = S
†aˆ(in)p S
= aˆ(in)p − i
∫
d4x
[
aˆ(in)p ,Lint
]
+O(L2int). (A7)
Therefore, in the lowest order in Lint, we have
d3N (pert)
dp3
≡ 〈vac|aˆ(out)†p aˆ(out)p |vac〉
=
∣∣∣∣∫ d4x [aˆ(in)p ,Lint]∣∣∣∣2 . (A8)
For the periodic axion potential (39), the interaction
Lagrangian Lint starts from n = 2, i.e.,
Lint = −1
4
m20
f2a
δφ¯2ϕˆ2 +O(δφ¯4)
= −m
2
0
4
ξ2
χ
sin2(m0t)ϕˆ
2 +O
(
ξ4
χ2
)
, (A9)
where we used Eq. (45) to get the second line. By plug-
ging this expression into Eq. (A8), one obtains
1
V T
d3N (pert)
dp3
=
m40
(64pi)2
(
ξ√
χ
)4
δ(|p|)
p2
. (A10)
The total number N (pert) can be obtained by integrating
this expression over p as
N (pert)
V T
=
m40
2048pi
(
ξ√
χ
)4
, (A11)
where we used
∫∞
0
d|p|δ(|p|) = 1/2.
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